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ABSTRACT 
A balanced incomplete block design (v, b, r, k, A) is called quasi-symmetric if each 
block intersects one other block in x varieties and the remaining b -- 2 blocks in y 
varieties each. We show that there are only two families of  such designs: 
(a) designs formed by two copies of (v, v, k, k, A); 
(b) designs with parameters (4y, 8y -- 2, 4y -- 1, 2y, 2y --  1). 
A more general problem is suggested. 
1. INTRODUCTION 
A balanced incomplete block design with parameter set (v, b, r, k, A) is 
an arrangement of  v varieties in b blocks such that each block contains 
k < v distinct varieties, each variety occurs in r blocks, and every pai r 
of  varieties occurs in A blocks. I t  is well known that bk  = rv and 
A(v --  1) = r (k  - -  1). Fisher [1] proved that b ) v, and this inequality 
has been strengthened by Stanton and Sprott [6] to show that if there are 
+ I identical blocks (~ > 0), then b /> (o~ + 1) v --  (a --  1). 
We name the blocks of the design B1, B2 ,..., Bb, and let b~ denote the 
number of varieties B~ n B~.. Proceeding as in [4], [5] and [6], for example, 
we obtain (with b~ = blj): 
b2 § bs § "'" + bb = k ( r  - -  1), (1) 
b2 2 + ba 2 -q- "" ~- bo 2 : k(kh  - -  k - -  h + r), (2) 
(b --  1) ~(b j  - -  b)2 = (r -- k)(u --  k)(r - -  a). O) 
I f  r : k then b : v and the BIBD is symmetric. It  is well known that in 
this case b~i : A (i =/= ]). This result follows from (3), for if r ---- k then 
b~- : b for all j ,  and (1) implies b~ : A. Conversely, if b~ = ~ for all j, 
then (3) implies that r = k and the design is symmetric. 
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In this paper we shall study quas i - symmetr i c  des igns - -des igns  with the 
property that, for some x, y with x 3& y, each block intersects one other 
block in x varieties and the other b -- 2 blocks in y varieties each. (If 
x = y, the design is symmetric.) It follows immediately from the definition 
that in a quasi-symmetric design b is even. In the following sections we 
determine the possible parameter sets of quasi-symmetric designs, and 
discuss their construction. 
2. BLOCK INTERSECTION PROPERTIES 
Suppose that a BIBD contains a block B1 which intersects s other blocks 
in x varieties each, and the t remaining blocks in y varieties each. Then 
s + t = b - -1 ,  (4) 
and (1), (2), and (3) may be rewritten: 
sx  -k ty  = k ( r  - -  1), 
sx  2 -k ty  ~ = k (kA  - -  k - -  ,~ -t- r) ,  
(b  - -  1) Z (b j  - -  ~)~ = s t (x  - -  y)~.  
(5) 
(6) 
(7) 
I f  all blocks have identical intersection properties, we call the design 
s -quas i - symmetr i c .  
For quasi-symmetry (1-quasi-symmetry), s = 1 and t = b -  2. In a 
certain sense, the quasi-symmetric designs are as close to symmetric as 
possible; if all block intersection umbers b~. were the same, the design 
would be symmetric. Instead, for each block there is exactly one inter- 
section number x which is not equal to the common value y of the other 
b -- 2 intersection umbers. 
One might attempt o obtain the parameter sets of quasi-symmetric 
designs from the above relationships, but the computation involved is 
cumbersome. We may simplify the discussion by using the block-inter- 
section determinant. The BIBD may be represented by its b by v incidence 
matrix A = (%), where a~j = 1 ifBi contains thej-th variety, and aij = 0 
otherwise (see, for example, Ryser [2]). Each row of A contains k ones, 
and each column contains r ones. It is clear from the definition of A that 
AA'  = (b.) ,  (8) 
where bi, = k and b~.~ = x or y for i :~ j. 
There is no loss in generality numbering the blocks so that B1 and B~, 
B 3 and B4, etc., are the blocks with x varieties in common. 
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Then 
Zh r ~ .  
-k x y y ' ' '  y y -  
x k y y . ' '  y y 
y y k x ' ' "  y y 
y y x k ' ' '  y y 
y y y y " . .  k x 
.y y y y . ' '  x k_  
(9) 
The determinant of AA'  is evaluated by adding all rows to row 1 and 
removing the common factor k + x + (b -- 2) y, then subtracting y times 
the first row from all other rows. We obtain 
det AA'  = [k + x + (b --  2) y l (k  - -  x)b/~(k + x - -  2y) ~b-z)/z. (10) 
However, since the design is symmetric b > v, and the rank of A cannot 
exceed v. Thus AA'  is a b by b matrix with rank at most v < b, and 
therefore det AA" = 0. Since k >~ 1 and b >~ 2, k + x + (b --  2 )y  =i6 0, 
and we have the following result: 
THEOREM 1. In a quasi-symmetric design, either x = k or 
x +k- -2y=O.  
The first possibility noted in Theorem 1 is easily discussed. I f  x = k, 
then B1 = B~, Ba = B4, etc., and thus 
THEOREM 2. The quasi-symmetric designs (v, 2v, 2k, k, 2A) with x = k 
are obtained by taking two copies o f  symmetr ic  designs (v, v, k, k, A). 
3. THE NON-TRIVIAL QUASI-SYMMETRIC DESIGNS 
We now consider the more difficult question of determining the designs 
which satisfy the second equation of Theorem 1, 
x + k - -  2y = 0. (10  
From (5) we have immediately that 
x + (b --  2)y  = k(r - -  1). (I2) 
394 STANTON AND KALBFLEISCH 
Subtracting (11) f rom (12) and dividing by b we obtain 
y ~ kr /b  = k2/v,  (13) 
x ~- 2y  - -  k : k (2k  - -  v) /v .  (14) 
Returning to (6) and substituting for x f rom (14) gives 
k(kh  - -  k - -  A + r )  = (b § 2) y2 - -  4ky  d-  k 2. 
Substituting for  k 2 f rom (13) we obtain 
k( r  - -  A) q- vy(h  - -  1) = (b + 2) y~ - -  4ky  -4- vy.  
Next we eliminate ?tv using A(v - -  1) = r (k  - -  1) to obtain 
k( r  - -  A) = (b -I- 2) y~ + (2v -t- r - -  A - -  rk  - -  4k) y. 
Upon rearranging terms have 
(r - -  X)(k - -  A) = (b + 2) y~ + (2v - -  rk  - -  4k) y, 
and substituting for  y f rom (13) gives 
(r - -  A)(v - -  k )  k /v  ~- [(b + 2) kZ/v  -k- 2v  - -  rk  - -  4k] k~/v.  
This equat ion simplifies to 
v(r  - -  ,~)(v - -  k )  = 2k(v  - -  k) 2. 
However,  in a B IBD v > k and thus 
v(r  - -  A) ----- 2k(v  - -  k ) .  (15) 
But 
v - -  k = (v - -  1) - -  (k - -  1) : A- l r (k  - -  l) - -  (k - -  l) = a- l ( r  - -  A)(k - -  1), 
and (15) becomes 
hv(r  - -  A) = 2k( r  - -  h)(k - -  1). 
Since r - -  A > 0, we have 
2tv = 2k(k  - -  1). 
Now A = r (k  - -  1)/(v - -  1) and k - -  1 > 0 imply that 
vr  = 2k(v  - -  1). (16) 
Finally f rom bk  = rv we have 
b --= 2(v = 1) .  (17) 
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It is now easy to determine all parameter sets satisfying (11). By (16), 
v must divide 2k. However v > k, and thus v = 2k. Now (17) gives 
b - - - -4k - -2 ,  and bk----rv implies that r =2k- -  1; A =k- -  1. But 
from (13), y = k2/v ~ k/2 and thus k = 2y. We have proved 
THEOREM 3. The non-trivial quasi-symmetric designs have parameters 
v=4y,  b =8y- -2 ,  r-----4y-- 1, k=2y,  A=2y- -  1. 
Note that the designs of Theorem 3 have x = 0 and thus contain q 
pairs of complementary blocks. In fact they form a subclass H2(2y -- 1) 
of the family of designs discussed in [6]. Sprott [3, series 4] has used Bose's 
second module theorem to construct such designs when v = 4y -- 1 is a 
prime power. We have 
THEOREM 4. The quasi-symmetric designs of theorem 3exist for infinitely 
many values of y, 
For example, to form a quasi-symmetric design (8, 14, 7, 4, 3), we start 
with the Fano geometry and adjoin a new symbol 00 to each block. 
The remaining 7 blocks are obtained by taking complements of these 
blocks with respect to the set of all 8 varieties. We have 
12400, 23500, 34600, 45700, 56100, 67200, 71300, 
3567, 4671, 5712, 6123, 7234, 1345, 2456. 
This particular quasi-symmetric design is unique (see [5]). 
4 SUMMARY 
We have defined quasi-symmetric designs to be those for which each 
block intersects one other block in x varieties, and the b -- 2 remaining 
blocks in y varieties each. We have shown that there are only two families 
of such designs: 
(a) designs formed by two copies of (v, v, k, k, ~), 
(b) designs with parameters (4y, 8y -- 2, 4y -- 1, 2y, 2y -- 1). 
In Section 2 we defined s-quasi-symmetry. Interesting results may be 
obtained for s small or for s near its maximal value (b -- 1)/2, and these 
will be reported later. The present paper has given a discussion of 
1-quasi-symmetry. 
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